A number of corrections are made to the simple Land1! formula for the g values of levels deriving from the ground term of configurations of the type 4?. These include (a) the Schwinger correction, to give an accurate value of the ._gy::l\omagn-etic: ratio for the electron spin; (b) a correction to allow for the .dev.ii.atioms:: from perfect RS coupling; (c) a relativistic correction, which is directly related to the kinetic energy of the electrons;
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accurate atomic beam data. These corrections to the elementary procedure have been described in detail by Abragam and Van Vleck, in their examination 2 of the microwave spectrum of the oxygen atom, and we shall simply enumerate them at this point.
To begin with, we must replace the factor 2 for the gyromagnetic ratio of the electron spin by g = 2 (1 + a/2Tr+ ·' ·) = 2.00229, s .
where a is the fine-structure constant. This will be called the Schwinger correction.
Next, it must be recognized that in order to find the eigenvalues of b~ + 2~~ we must have some knowledge of the eigenfunctions of the electron system. It has now become clear from the available experimental data that the lowest electronic configurations outside closed shells of the rare earth atoms are nearly always of the type 4~, and we shall confine our attention to these configurations. This allows· us to extrapolate and interpolate the various ~adial integrals that occur in the calculations along the rare earth series. The lowest term in a configuration is given by Hund 1 s rule, and is described by the two quantum numbers SL. When the spin-orbit interaction is included, however, these quantum numbers are separately not good quantum numbers, but only their resultant, •J.
~
For oxygen, it is a simple matter to allow for the departures from pure RS coupling, but for the rare earth atoms, it is considerably more complex, Also, for heavy atoms such as those considered here, the relativistic and diamagnetic effects become quite important. By the relativistic effect we mean here the correction, depending on the kinetic energy, which is a direct consequence of the Dirac equation for a single electron. The diamagnetic effect ..
is caused by modifications in the interactions between the electrons due to the external field, and depends essentially on the electron density in the core. In contrast to oxygen, these effects for the rare earth atoms usually predo.minate over the Schwinger correction.
The correction to the orbital gyromagnetic ratio caused by the motion of the nucleus, which was considered by Abragam and Van Vleck for oxygen, 2 is for the rare earth atoms negligible compared with the experimental uncertainties.
THE STRUCTURE OF THE CONFIGURATION 4~
Before we can begin an examination of the departures from RS coupling
we must obtain the energy-level scheme in the RS limit; that is, in the ·limit where the .Coulomb interaction between the 4f electrons L: i>j 2 e /r .. lJ is very much greater than the spin-orbit interaction
The function V in (2) is the central field potential. We are obliged to perform this calculation because no experimental results are available on the positions of excited terms in the configurations 4~ of neutral rare earth atoms, and it is the admixtures of these excited terms in the ground term that produce the departures from RS coupling. To find the eigenvalues of (1), we write
UCRL-9188 ·where r < and r > are the lesser and greater respectively of the two radii vectors r. and r., and w is the angle between them. This equation For terms of the highest and next-to-highest multiplicities of the configurations 4£1, the quantum numbers ~WUSLS L completely specify a state. Unlike " z z S and L, the irreducible representations W and U are not· gbod quantum ·numbers, so that in general a term is defined by a certain linear combination of pure WUSL terms. Since we intend to use eigenfunctions of the broader kind in the determination of other· radial integrals, we shall now give qualitative reasons for our present preference for Fk ratios based on a hydrogenic eigenfunction.
To beg~n with, we must recognize that electrons in closed shells can be polarized by electric fields and thereby produce screening effects. When a rare earth ion is situated in a crystal, the electric field of the lattice is taken into. account by including the expression This result has been attributed .to a screening· effect by the~ closed shells of the rare earth ions, which increases in severity ·as 9 10 k (decreases. '. , Returning to the problem of the integrals F k' one sees that the electrostatic field of one 4f electron at another is likewise subject to these screening effects, though in a less striking manner, owing to the proximity ·of the electrons. In fact, we can write
where the first term applies to the region r. <r., the second to r. > r .. 
J
If, in the first term, we regard electron i as moving in the potential produced .by. electron j, this expression takes the form of a term in the summation (4);
. hence we must include a reduction factor fk in the calculati'on of the associated integral Fk. A similar argument applies to the second term. Moreover, that the screening .increases as k decreases implies
The effect of these factors is to increase the ratios F 4 /F 2 and F 6 /F 2 from the values given by Ridley . for the Hartree ·SCF calculation, and also to bring her numerical value for F 2 nearer to experiment. . We feel that the success of the hydrogenic ratios for the triply ionized,rare earth atoms makes them the most appropriate for our work. The eigenvalues of all the terms we shall need.have been tabulated; 5
DEPARTURES FROM RUSSELL-SAUNDERS COUPLING
The effect of the spin-orbit interaction is to split the terms up into levels, distinguished by the additional quantum number J. For a configuration of equivalent electrons, (2) can be written as given a general formula for the matrix elements
. in terms of a sum over the product of two 6-j symbols and the fractional parentage coefficients connecting the· configurations ~· and ~-l. The· dependence 'on J is contained in a third 6-j symbol,
11 which may readily we evaluated from the formulae of Edmonds. For our 3 example, Prl 4f , we find and All but a few of the cohfigurations 4~ are extremely complex, and it would be a tedious process to diagonalize the combined Coulomb and spin-orbit interactions exactly. Fortunately.· s is. sufficiently small to allow us to calculate the· corr.ecti~ns to gJ by pert~rbation theory. 
This is the zeroth-order contribution to . . gJ. There is no first-order contribution, since 1::~ + gs~ cannot couple to any excited level. The secondorder:· contribution is
where J o) denotes the ground level and Jrn) an excited-level at an energy Ern above it. Since these energies are calculated as multiples of F 2 , and the matrix elements of A depend linearly on t;, (7) can be expressed in 2 terms of (t;/F 2 ) .
To estimate these parameters we make use of the corresponding values for the triply ionized atoms, which we shall distinguish here by primes. Judd 12 has given the empirical formula
and the various experimental values of t; 1 are set out in the second column of .,
.. 
as a better approximation for F 2 . We can now fit the experimental positions -1 of the levels quite closely with the values 770 and 1061 em for {, (see Table II ); indeed, the remaining discrepancies are only slightly larger than spin-spin effects, which also produce deviations from the Lande interval rule.
12 These results support the assumption .of hydro genic F k ratios and also Eq. (9). The lowest 5 D term in Smi 4f 6 possesses an exceptionally extended multiplet structure, and allowance was made for this by including diagonal spin-orbit matrix elements in estimates of the energies E . Strictly speaking, m this accounts for some, but by no means all, of the third-order effects; but since the agreement between experiment and.theory is improved by including it, it was felt better to do so, particularly since our present aim is to obtain the best value for {,, Fortunately<;
;> is identical to { 7 F J I g j 7 F J'~ ;;>~so that the spread of 5 n has no effect on the calculations of g 3 based on Eq. (7).
Values of {, for other rare earth atoms must be obtained by interpolation. It is to be expected that the curve of {, against Z will follow fairly closely the corresponding curve for the triply ionized atoms; for the latter we have .used Table I . It can be seen that .
. . Table I . The data on sand s' are illustrated in Fig. 1 . The expression (7) has been calculated·for all levels of the lowest multiplets of the configurations. of the type 4~ (irrespective of the fact that in some rare earth atoms, e. g., Lai and,Gdi, they may not necessarily be .the ground configuration) and entered in the column headed "spin-orbit correction 11 that will be found in Table V . This completes ·the calculation to second order of contributions to g .produced by ·departures J from pure RS coupling.
RELATIVISTIC AND DIAMAGNETIC CORRECTIONS
In the first-crr.dertheory the Hamiltonian .for the interaction between the electrons and an external magnetic field is written z = f.Lo!: · (~ + 2~) . vector potential for electron i. The first part of (14) can be regarded as a relativistic mass correction and the second part as a correction to the spin-orbit coupling. It is shown below that both these corrections depend essentially on.the kinetic energy of the electron, and (l4) is therefore referred to as the relativistic correction.
Like the spin-orbit coupling, the interactions between the electrons are modified in a magnetic field and therefore give rise to another correction to 
(r.k . 
The first term in this expression is a correction to the spin-other-orbit coupling and the last two terms are corrections to the orbit-orbit coupling. These corrections depend essentially on the electron density in the core and we refer to (15) as the diamagnetic correction.
In order to calculate the matrix of (14) and (15) 
where p(r 1 ) = 2:
is the density of all electrons except i.
is spherically symmetric, V. becomes exactly the central potential 1 1 used in the Hartree method.
We then have, dropping the subscript i,
and Eq. (14) becomes
In the same way we get from (15)
1:: -;.:'1
( 1 7 is the radial electron density. Except for the radial parts this is identical to the relativistic correction operator (16) , and therefore the total correction can be written
We have here replaced ·.!..rdV by T, which, from the virial theorem, is 2 dr
.correct as long as we stay within a given configuration. Obviously, only electrons outside closed shells contribute in this summation.
In a state defined by only one determinantal product of single-electron states the expectation value of ( 19) If all electrons outside closed shells are equivalent, the total correction to the g value obtained from (19) . is of the form
, where g is the classical g value and h is another fa,ctor, depending only on .the angular part of the eigenfunction. It turns out that the first term in (22) usually predominates, which means that an estimate of the correction is obtained directly, from this expression if the radial integrals (T) and (y) are known, without the usually lengthy calculation of h. 1 • '
~
The .operator ( 19) is very similar to the magnetic hyperfine-structure 11 operator and can therefore be conveniently" treated bytensor operators.
In the case of equivalent electrons and a Hund 1 s-rule ground state the factor h in Eq. (22) is given by
Here n is the number of electrons or holes in the unfilled shell, whichever is the smaller. This expression is very similar to the corresponding formula for the magnetic hfs, 25 the reason being that both operators involve the tensor (s: C ( 2 ) 
which is a modification of the hydrogenic e-igenfunction for n = 1tl. The extra factor has the effect of broadening out the eigenfunction without shifting the Of course, one can fit only, two of these integrals exactly with a two-paramete.r eigenfunction, but the difference in K val~e for different pairs is very small, which indicates that the approximation is satisfactory. We have chosen these negative powers .of r to determine K, since all the radial functions :that we want to average are decreasing with r.
It is. seen from corresponding values of the integrals(T),(u),and(Y) are given in Table IV. ( T) is calculated from the formula given in Ref. (27) We are now ready to calculate the relativistic and diamagnetic corrections to the g values, and from Eqs. (22) and (23) and Table IV we get the results shown in Table V for all levels of the ground terms. 
Z. is defined by 1 and some results with a Thomas-Fermi potential are also given for comparison.
As one would expect,. the values of (r-3 ) determined in this way are quite insensitive to the shape of the eigenfunction, and it is also seen from-the figure that the actual choice of potential is not critical either.
The values in Table VI = a -J + b , (25) where a and b depend on the multiplet unde.r examination and are independent of J. In deriving this e-quation, which is of a quite general validity, U:se was made of the detailed _form of the 6-j symbol (6) and also the S, L, J dependence of h.
Finally, we should like to point out that some neglected corrections and errors in parameters such as s may produce effects which to some extent cancel, and therefore the remarkable agreement we hc:we obtained_between the experimental and theoretical gJ values may, be partly. accidental. However, since the results depend in so many ways on our various assumptions, and-are so well checked by experiment, we feel that this could occur in only one or two instances, and our general conclusions concerning the accuracy of the spin-orbit coupling constants and other radial integrals should not be Table I . . .
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